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In this paper, we obtain a su$cient condition for the diagonal equation to have
only the trivial solution over "nite "elds. This result improves a theorem of Sun (J.
Sichuan Normal ;niv. Nat. Sci. Ed. 26 (1989), 55}59) greatly and proves that the
conjecture posed by Powell (J. Number „heory 18 (1984), 34}40) holds for general
n3N as well. ( 2000 Academic Press1. INTRODUCTION
Let Z, N, Q denote the sets of integers, positive integers, and rational
numbers respectively.
The diagonal equation
a
1
xd
1
#a
2
xd
2
#2#a
n
xd
n
"0 d, n3N, a
j
3Z
a
j
O0, j"1, 2,2, n, (1)
have been investigated in many papers.
In 1954, Ankeny and ErdoK s [1] proved that Eq. (1) is almost always
unsolvable provided that all distinct subsets of the set of number
Ma
1
, a
2
,2, anN have di!erent sums.
In 1992, Granville [2] obtained fairly general results in this direction.
For the general Fermat equation
axd#byd"czd, (2)*This project was supported by the National Natural Science Foundation of China.
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190 LUO AND SUNwhere a, b, c3Z with abc(a$b) (a$c) (b$c) (a$b$c)O0, Powell [4] sug-
gested the following.
Conjecture. Let m3N be a given even integer. If d3N is su$ciently large
for which md#1"p with p being a prime, equation (2) has no integral
solution xyzO0.
Qi Sun [5] and Granville [3] proved the conjecture.
In [1], Ankeny and ErdoK s obtained a slightly weaker version of the
generalized Powell conjecture, i.e.,
THEOREM 1 (Ankeny and ErdoK s). If a
1
, a
2
,2 , an satisfy the condition
(3) For every selection of e
j
"0 or$1( j"1, 2,2, n), except
(e
1
, e
2
,2, en)"(0, 0,2, 0), we have +nj/1ajejO0.„hen for a given d there exist no nontrivial solutions of (1) provided we can ,nd
a rational prime p such that
d Dp!1, md"p!1, 4-m
n
+
j/1
Da
j
D(u(m)Jp.
In [2], Granville gave the following two propositions.
PROPOSITION 1. For any polynomial
f (X
1
, X
2
,2, Xn)"
r
+
j/1
a
i
Xei,1
1
Xei,2
2
xei,n
n
,
where each a
i
is a nonzero integer, and each e
i,j
is a nonnegative integer, there
exists a ,nite set of integers B ( f ) with the following property: If m is a positive
integer that is not divisible by any element of B ( f ), then the Diophantine
equation f (xd
1
,2 , xdn )"0 has no solutions in nonzero integers x1 ,2, xn ,
whenever q"md#1 is a su.ciently large prime.
PROPOSITION 2. For any polynomial f as in Proposition 1, there exists
a ,nite set of integers B( f ) with the following property: „here exist mth roots of
unity m
1
, m
2
,2 , mn satisfying f (m1 , m2 ,2 , mn)"0 if and only if m is divisible by
some elements of B( f ).
In 1989, Qi Sun [5] obtained the following result.
THEOREM 2. ‚et m3N, m’2, d"(pf!1)/m, where p is a prime, and
f"ord
m
p(ord
m
p be the smallest positive integer f with pf,1(modm)). If
a
1
, a
2
,2, an satisfy condition (3),
(4) +n
j/1
Da
j
D(u(m)Jpf , where u (m) is the Euler function,
ON DIAGONAL EQUATIONS OVER FINITE FIELDS 191(5) A
0
#A
1
m#2#A
m~1
mm~1O0, where A
j
"+
k|sj
a
k
( j"0,2,
m!1), and s
j
is a (possibly void) subset of the set of numbers M1, 2,2, nN, and
m"e2ni@m, then Eq. (1) has no integral solutions except x
j
"0, j"1,2, n.
In this paper, we improve Theorem 1 by removing Condition 4-m and so
prove that the conjecture posed by Powell holds for general n3N as well. We
also improve the result of [6] greatly by removing condition (5). Our main
results are the following.
THEOREM 3. ‚et m3N, m’1, d"(pf!1)/m, where p is a prime,
f"ord
m
p. If a
1
, a
2
,2 , an satisfy (3) and (4), then Eq. (1) has no nonzero
solutions over the ,nite ,eld F
q
, where q"pf.
COROLLARY 1. ‚et the hypothesis be as in „heorem 3. „hen Eq. (1) has only
the trivial integral solution x
j
"0, j"1, 2,2, n.
COROLLARY 2. ‚et m3N, m’1, md#1"p with p being a prime. If
a
1
, a
2
,2, an satisfy (3) and
(6) d’[(+n
j/1
Da
j
D)u(m)!1]/m,
then Eq. (1) has no integral solutions except x
j
"0, j"1, 2,2 , n.
2. LEMMA
In order to prove the results, we need the following.
LEMMA. ‚et a
1
, a
2
,2 , an satisfy (3). „hen for any nonnegative integers
k
1
, k
2
,2, kn , we have
n
+
j/1
a
j
mkj
m
O0, (7)
where m3N, m’1, m
m
"e2ni@m .
Proof. When 4-m, the result has been proved by Ankeny and ErdoK s [1].
Now assume that 4 Dm. The proof is by induction on n. If n"1, the result is
clearly true.
Suppose now that n’1 and that we have proved the result for all positive
integers less than n. The assumption that (7) is false leads to a relation
n
+
j/1
a
j
mkj
m
"0. (8)
By the inductive hypothesis we must have that k
1
, k
2
,2, kn are distinct.
Without the loss of generality we may assume k
1
’k
2
’2’k
n
. Let
192 LUO AND SUNu
j
"k
j
!k
n
’0, j"1, 2,2 , n!1. We get from (8) that
n~1
+
j/1
a
j
muj
m
#a
n
"0. (9)
Let m
1
be the product of all distinct prime divisors of m and m"m
1
m
2
. Write
u
j
"t
j
m
2
#s
j
, 04s
j
(m
2
, j"1, 2,2 , n!1. Replace uj by tjm2#sj in (9),
then
n~1
+
j/1
a
j
mtj
m1
msj
m
#a
n
"0. (10)
We claim that s
j
"0, j"1, 2,2 , n!1. Otherwise, we may assume that
s
1
"s
2
"2"s
v
"0, s
j
O0, v(j4n!1, where 04v4n!2. Since
m
2
u (m
1
)"u (m)"[Q(m
m
) :Q]"[Q(m
m
) :Q (m
m1
)]u (m
1
), we have [Q(m
m
) :
Q(m
m1
)]"m
2
. It follows that 1, m
m
,2 , mm2~1m are linearly independent over
Q(m
m1
). We "nd from (10) that +v
j/1
a
j
mtj
m1
#a
n
"+v
j/1
a
j
mm2tj
m
#a
n
"0. But
since v#1(n, by the induction hypothesis, +v
j/1
a
j
mm2tj
m
#a
n
O0, is a con-
tradiction. Thus s
j
"0, j"1, 2,2 , n!1. We get from (10) that
n~1
+
j/1
a
j
mtj
m1
#a
n
"0. (11)
Obviously, t
1
, t
2
,2 , tn~1 are not all zero under the assumption of the
lemma.
If m
1
"2, we "nd from (11) that +n~1
j/1
a
j
(!1)tj#a
n
"0 which is impossible.
If m
1
O2, we claim that there is at least one of the odd prime divisors of m
1
,
say p, such that t
1
, t
2
,2 , tn~1 are not all divisible by p. Otherwise, (m1/2) D tj ,
j"1, 2,2 , n!1. Then we "nd from (11) that +n~1
j/1
(!1)2tj@m1a
j
#a
n
"0,
which is impossible. Since m@"m
m1@p
m
p
"mp‘(m1@p)
m1
and (p#m
1
/p, m
1
)"1, m@
is also a primitive m
1
th root of unity. We get from (11) that
p~1
+
j/1
b
j
mj
p
"0,
where b
0
"+
k|s0
a
k
m*tk@p+
m1@p
#a
n
and b
j
"+
k|sj
a
k
m*tk@p+
m1@p
, ( j"1,2 , p!1), and
s
j
is a (possibly void) subset of the set of numbers M1, 2,2 , n!1N such that
Zp~1
j/0
s
j
"M1, 2,2 , n!1N. Since t1 , t2 ,2 , tn~1 are not all divisible by p,
there is a j (O0) such that b
j
O0. And by the inductive hypothesis, for every
14iOj4p!1, b
i
Ob
j
. On the other hand, since (p!1)u (m
1
/p)" u(m
1
)
"[Q(m
m1@p
, m
p
) : Q]"[Q(m
m1@p
, m
p
) : Q(m
m1@p
)]u (m
1
/p), we have [Q (m
m1@p
, m
p
) :
Q(m
m1@p
)]"p!1. It follows that xp~1#2#x#1 is the monic irreducible
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p
over Q(m
m1@p
). Thus b
0
"b
1
"b
2
"2"b
p~1
is a contra-
diction. Therefore +n
j/1
a
j
mkj
m
O0. This establishes the lemma.
3. PROOFS
The proof of Theorem 3 is as follows. Let D
m
be the ring of integers of
cyclotomic "eld Q(m
m
), P-D
m
be a prime ideal containing p. By the know-
ledge of cyclotomic "eld, we know that D
m
/P"F
q
, where q"pf. Let G be
the galois group of Q(m
m
)/Q. It is well known that DG D"u (m),
%p|Gp (P)"(N(P))"(pf). Assume that Eq. (1) has a nonzero solution over
F
q
. Let x
j
"u
j
, j"1, 2,2, n, be a nonzero solution. We may assume that
x
ij
"u
ij
3F*
q
, j"1, 2,2 , s, 14s4n, where F*q is the multiplicative group
of F
q
. Then
ud
ij
,u(pf~1)@m
ij
,A
u
ij
PB
m
,mkij
m
(modP), k
ij
50, j"1, 2,2 , s.
Reducing (1) modulo P gives
s
+
j/1
a
ij
mkij
m
,0(mod P).
Then
%p|GA
s
+
j/1
a
ij
p (m
m
)kijB,0(mod pf). (12)
By the lemma, + s
j/1
a
ij
mkij
m
is a nonzero algebraic integer. Therefore, %p|G
(+ s
j/1
a
ij
p (m
m
)kij)"N (+ s
j/1
a
ij
mkij
m
) is a nonzero rational integer. We "nd from
(12) that pf4D%p|G(+ sj/1aijp (mm)kij) D4%p|G (+
s
j/1
Da
ij
D )4(+n
j/1
Da
j
D)u(m),
which is impossible because +n
j/1
Da
j
D(u(m)Jpf . This completes the proof of
Theorem 3. j
Proof of Corollary 1. Suppose x
j
"u
j
3Z, j"1, 2,2 , n, not all zero, is
a solution of Eq. (1). Without the loss of generality, we may assume
(u
1
, u
2
,2 , un )"1. Then there exists at least one of u1 , u2 ,2 , un not to be
divisible by p. Let x
ij
"u
ij
3F*
p
-F
q
, j"1, 2,2 , s, 14s4n. It follows
that x
j
"u
j
, j"1, 2,2, n is a nonzero solution of Eq. (1) over Fq , which
194 LUO AND SUNcontradicts with the result of Theorem 3. This completes the proof of
Corollary 1. j
Corollary 2 is an immediate consequence of Corollary 1.
4. APPLICATIONS
In this section, we give examples of applications of the results.
First, for any given positive integer n greater than 2, it is not hard to prove
that there are nonzero integers a
1
, a
2
,2, an such that
j~1
+
k/1
Da
k
D(Da
j
D, 24j4n. (13)
It is easy to see that a
1
,2 , an satisfy (3). For a given positive integer
m greater than 1 and nonzero integers a
1
,2 , an , which satisfy inequality (13),
how can one "nd a positive integer d su$ciently large enough for which
md#1"pf, p a prime, and f"ord
m
p such that +n
j/1
Da
j
D(u(m)Jpf? We
now give some examples.
1. m"4. Since there are in"nitely many primes of the form 4d#1, we
can always "nd a su$ciently large prime p"4d#1 so that
n
+
j/1
Da
j
D(u(m)Jpf"Jp,
where u (m)"2, f"ord
m
p"ord
m
1"1. Thus the equation
n
+
j/1
a
j
xd
j
"0
has only the trivial integral solutions x
j
"0, j"1, 2,2, n.
The equation
$x16384
1
$2x16384
2
$4x16384
3
$8x16384
4
$16x16384
5
$32x16384
6
$64x16384
7
$128x16384
8
"0,
in particular, has only the trivial integral solutions x
j
"0, j"1, 2,2 , 8,
where p"65537.
ON DIAGONAL EQUATIONS OVER FINITE FIELDS 1952. m"10. We can always "nd a su$ciently large prime p of the form
10r#7 so that
n
+
j/1
Da
j
D(u(m)Jpf"p,
where u (m)"4, f"ord
m
p"ord
m
7"4. Thus the equation
n
+
j/1
a
j
xd
j
"0, where d"(pf!1)/m,
has only the trivial integral solutions x
j
"0, j"1, 2,2, n.
The equation
$x5728976
1
$3x5728976
2
$5x5728976
3
$10x5728976
4
$22x5728976
5
$45x5728976
6
"0,
in particular, has only the trivial integral solutions x
j
"0, j"1,2 , 6, where
p"87.
3. m"15. We can always "nd a su$ciently large prime p of the form
15r#2 so that
n
+
j/1
Da
j
D(u(m)Jpf"Jp,
where u (m)"8, f"ord
m
p"ord
m
2"4. Thus the equation
n
+
j/1
a
j
xd
j
"0, where d"(pf!1)/m
has only the trivial integral solutions x
j
"0, j"1,2 , n.
The equation
$x23485024
1
$3x23485024
2
$7x23485024
3
"0,
in particular, has only the trivial integral solutions x
1
"x
2
"x
3
"0, where
p"137.
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